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1. Introduction 

We studied the relative position of several subspaces in a separable 
infinite-dimensional Hilbert space in |EWj . In this paper we extend it 
to the relative position of several subspaces along quivers. More gener- 
ally we study representations of quivers on infinite-dimensional Hilbert 
spaces by bounded operators. We call them Hilbert representations for 
short. 

Gabriel's theorem says that a connected finite quiver has only finitely 
many indecomposable representations if and only if the underlying 
undirected graph is one of Dynkin diagrams An, Dn, Eq, Ej, Eg |Ga] . 
The theory of representations of quivers on finite-dimensional vector 
spaces has been developed by Bernstein-Gelfand-Ponomarev |BGPj . 
Donovan- Freishsh [DF], V. Dlab-Ringel [DRj, Gabriel-Roiter [HE!, Kac 
|Kaj , Nazarova [Naj .... 

Furthermore locally scalar representations of quivers in the category 
of Hilbert spaces were introduced by Kruglyak and Roiter [KRoj . They 
associate operators and their adjoint operators with arrows and classify 
them up to the unitary equivalence. They proved an analog of Gabriel's 
theorem. Their study is connected with representations of *-algebras 
generated by linearly related orthogonal projections , see for example, 
S. Kruglyak, V. Rabanovich and Y. Samoilenko [KRSj . 

1 



In this paper we study the existence of indecomposable representa- 
tions of quivers on infinite-dimensional Hilbert spaces. We associate 
bounded operators with arrows but we do not associate their adjoint 
operators simultaneously as in |KRoj . 

In particular if we consider a certain quiver F whose underlying undi- 
rected graph is the extended Dynkin diagram D4, then indecomposabil- 
ity of Hilbert representations of T is reduced to indecomposability of 
systems of four subspaces studied in |EWj . We consider a complement 
of Gabriel's theorem for Hilbert representations and prove one direc- 
tion: If the underlying undirected graph of a finite, connected quiver 
r contains one of extended Dynkin diagrams (n > 0), Dn {n > 4), 
Eq,Ey and then there exists an indecomposable representation of T 
on separable infinite-dimensional Hilbert spaces. The result does not 
depend on the choice of orientation. But we cannot prove the converse. 
In fact if the converse were true, then a long standing problem in jHaj 
on transitive lattices of subspaces of Hilbert spaces would be settled. 

Recall that we study relative position of n subspaces in a separable 
infinite-dimensional Hilbert space in |EW] . See Y. P. Moskaleva and 
Y. S. Samoilenko [MS] on a connection with *-algebras generated by 
projections. Let if be a Hilbert space and Ei, . . . En he n subspaces in 
H. Then we say that S = {H; Ei, . . . , En) is a system of n subspaces in 
H OT a. n-subspace system in H. A system S is called indecomposable 
if S can not be decomposed into a nontrivial direct sum. For any 
bounded linear operator A on a Hilbert space K, we can associate a 
system Sa of four subspaces in H = K Q) K by 

Sa = {H;K ® 0,0® K, graph A, {{x,x);x G K}). 

In particular on a finite dimensional space, Jordan blocks correspond to 
indecomposable systems. Moreover on an infinite dimensional Hilbert 
space, the above system Sa is indecomposable if and only if A is 
strongly irreducible, which is an infinite-dimensional analog of a Jor- 
dan block, see books by Jiang and Wang [JWj . |JW2] . For example, a 
unilateral shift operator is a typical example of strongly irreducible op- 
erator. Such a system of four subspaces give an indecomposable Hilbert 
representation of a quiver with underlying undirected graph 1)4. We 
transform these representations and make up indecomposable Hilbert 
representations of other quivers in this paper. In finite dimensional 
case many such functors are introduced, see |DFj . for example. We 
follow some of their constructions. But we have not yet proved all such 
functors preserve indecomposability in infinite-dimensional Hilbert set- 
ting in general. We have checked the indecomposability of the Hilbert 
representations in our concrete examples by our method . 

Main theorem of the paper is the following: Let F be a finite, con- 
nected quiver. If its underlying undirected graph contains one of ex- 
tended Dynkin diagrams An {n > 0), Dn {n > 4), Eq,Ej and E^, 
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then there exists an indecomposable representation of T on separable 
infinite-dimensional Hilbert spaces. There were two difficulties which 
did not appear in finite-dimensional case. Firstly we need to find in- 
decomposable, infinite-dimensional representations of a certain class of 
r. We constructed them by studying the relative position of several 
subspaces along quivers, where vertices and arrows are represented by 
subspaces and natural inclusion maps. Secondly we need to change 
the orientation of the quiver preserving indecomposability. Here comes 
refiection functors. Being different from finite-dimensional case, we 
need to check the co-closedness condition at sources to show that in- 
decomposability is preserved under refiection functors. We introduce 
a certain nice class, called positive-unitary diagonal Hilbert represen- 
tations, such that co-closedness is easily checked and preserved under 
refiection functors at any source. 

We believe that there exists an analogy between study of Hilbert rep- 
resentations of quivers and subfactor theory invented by V. Jones [J]. 
In fact Dynkin diagrams also appear in the classification of subfactors, 
see, for example, Goodman, de la Harpe and Jones |GHJj . Evans and 
Kawahigashi |EKj . But we have not yet understood the full relations 
between them. 

There exists a close interplay between finite-dimensional representa- 
tions of quivers and finite-dimensional representations of path algebras 
in purely algebraic sense. Any Hilbert representation of a quiver gives 
an operator algebra representation of the corresponding path algebra. 
Therefore we expect some relation between Hilbert representations of 
quivers and certain operator algebras associated with quivers. There 
exist some related works, see P. Muhly |Muj . D. W. Kribs and S. C. 
Power [KPj and B. Solel But the relation is not so clear for us. 

Throughout the paper a projection means an operator e with = 
e = e* and an idempotent means an operator p with p"^ = p. 

In purely algebraic setting, it is known that if a finite-dimensional 
algebra R is not of representation-finite type, then there exist indecom- 
posable i?-modules of infinite length as in M. Auslander |Au] . Since 
we consider bounded operator representations on Hilbert spaces, the 
result in [Auj cannot be applied directly. See a book |KR] for infinite 
length modules. 

The authors are supported by the Grant-in-Aid for Scientific Re- 
search of JSPS. 

2. Representations of quivers 

A quiver P = (V, E, s, r) is a quadruple consisting of the set V of 
vertices, the set E of arrows, and two maps s,r : E ^ V, which 
associate with each arrow a E E its support s{a) and range r(a). We 
sometimes denote by a : x — ?/ an arrow with x = s{a) and y = r{a). 
Thus a quiver is just a directed graph. We denote by |P| the underlying 
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undirected graph of a quiver F. A quiver F is said to be connected if 
|F| is a connected graph. A quiver F is said to be finite if both V and 
E are finite sets. 

Definition. Let F = {V, E, s, r) be a finite quiver. Wc say that {H, f) 
is a Hubert representation of F if if = (iJ^)t,gy is a family of Hilbert 
spaces and / = {fa)aeE is a family of bounded linear operators fa 

Hs{a) — ^ -f^r(a)- 

Definition. Let F = (V, E, s, r) be a finite quiver. Let {H, f) and 

{K,g) be Hilbert representations of F. A homomorphism T : [H, f) 
{K,g) is a family T = {Tv)v£V of bounded operators Ty : Hy ^ Ky 
satisfying, for any arrow a E E 

The composition T o 5* of homomorphisms T and S is defined by (T o 
S)y — TyoSy for V eV . Thus we have obtained a category HRep{T) 
of Hilbert representations of F 

We denote by Hom{{H, f),{K, g)) the set of homomorphisms T : 
{H, f) ^ {K, g). We denote by End{H, f) := Hom{{H, /), {H, /)) the 
set of endomorphisms. We denote by 

Idem{H, f) := {T e End{H, f)\T^^ T} 

the set of idempotents of End{H,f). Let = (Oy)^,,^^ be a family 
of zero endomorphisms 0^, and / = {Iy)y(zv be a family of identity 
endomorphisms /„. The both and / are in Idem{H, /). 

Let F = {V,E,s,r) be a finite quiver and {H,f), {W,g) be Hilbert 
representations of F. We say that {H, f) and {W, g) are isomorphic, 
denoted by (iJ, /) ~ (W, g), if there exists an isomorphism ip : /) — >■ 
(FF, (yf), that is, there exists a family = {'Pv)vev of bounded invertible 
operators tpy G B{Hy, Ky) such that, for any arrow a E E, 

We say that {H, /) is a finite-dimensional representation if i/^ is 
finite-dimensional for all v E V. And {H, /) is an infinite-dimensional 
representation if Hy is infinite-dimensional for some v E V. 

3. Indecomposable representations of quivers 

In this section we shall introduce a notion of indecomposable repre- 
sentation, that is, a representation which cannot be decomposed into 
a direct sum of smaller representations anymore. 

Definition. (Direct sum) Let F = {V,E,s,r) be a finite quiver. Let 
{K, g) and {K' , g') be Hilbert representations of F. Define the direct 
sum {H,f)^{K,g)®{K',g')hY 

Hy^Ky®K'y{ for veV) and fa^Qa^g'ai for a e E). 
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We say that a Hilbert representation {H, f) is zero, denoted by 
{H, f) = 0, if i/^ = for any v e E. 

Definition. (Indecomposable representation). A Hilbert representation 
(if, /) of r is called decomposable if (if, /) is isomorphic to a direct sum 
of two non-zero Hilbert representations. A non-zero Hilbert represen- 
tation (ii, /) of r is said to be indecomposable if it is not decomposable, 
that is, if {H, /) ^ {K, g) © {K' , g') then {K, g) ^ or {K', g') ^ 0. 

We start with an easy fact. Let ii be a Hilbert space and Ki, K2 be 
closed subspaces of H. Assume that Kif\K2 = and H = K1+K2. But 
we do not assume that Ki and K2 are orthogonal. Let T : H ^ H he a. 
bounded operator with TKi C Ki foi i = 1,2. Define Si = T\Ki '■ Ki ^ 
Ki. Consider the (orthogonal) direct sum Ki © K2 and the bounded 
operator Si © 5*2 on Ki ® K2. Define a bounded invertible operator 
ip : H ^ Ki®K2 by (p{h) = {hi, h2) for h = hi + h2 with hi G Ki, as in 
the proof of [FjW\ Lemma 2.1.] Then we have T = (f^^ o {Si © S2) o <f. 

The following proposition is used frequently to show the indecom- 
posability in concrete examples. 

Proposition 3.1. Let {H,f)be a Hilbert representation of a quiver T. 
Then the following conditions are equivalent: 

(1) (ii, /) is indecomposable. 

(2) idem(ii,/) = {0,i}. 

Proof. -1(1)^^-1(2): Assume that {H, f) is not indecomposable. Then 
there exist non-zero representations {K,g) and {K',g') of F, such that 
{H, f) = {K,g) © {K',g'). For any x eV, define the projection G 
B{K^ © K'^) of K^ © K'^ onto K^. Then Q := {Q:r)xev is in End{K © 
K', g ® g'), because 

for any a E E. Since there exists v,w E E such that K^ ^ and 
K'^ ^ 0, we have Q„ 7^ and Qw 7^ i- Thus Q ^ and Q ^ I. 
Let if = {ipx)xev '■ {H, f) — > {K,g) © {K',g') be an isomorphism. Put 
Px = {fx)~^Qxfx for X e and P := {Px)x(^x e Idem{H,f). Then 
P 7^ and P 7^ i. 

-1(2)^^-1(1): Assume that there exists P G Idem{H, f) with P 7^ 
and P ^ L Thus there exist v & V and w E V such that Py 7^ 0^, 
Pw 1^ Iw For any x E V, define closed subspaces 

K^ = P^{H^), and K = {I - Px){H^)- 

Then is: := {K^)^ ^ 0, isT' := {K'^)^ ^ and H = K ® K'. For 

any o; G let x = s{a) and ?/ = r{a). Since /q,Px = Py/a, we have 

f^K^ C isTj^. Similarly, fM-Px) = {I-Py)fa implies that f^K'^ C K'^. 

We can define ga = falx^ : K^ ^ Ky and g'^ = falx', ■ K'^ K'y. Put 

9 = {.9a)a and (7' = {g'a)a- Then {K,g) and {K',g') are representations 

of F. Define </^. : ii. ^ i^.©iri by (^,(0 = (P.^, {I-Px)0 for ^ e ii.. 
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Then := {iPx)x£V '■ {H, f) {K,g) © {K',g') is an isomorphism. 
Since K := {Kx)x 7^ and K' := {K'^)x 7^ 0, {H, f) is decomposable. 

□ 

Remark. (1) The proof of the above Proposition 13. II shows that {H, f) 
is decomposable if and only if there exist non-zero families K = {Kx)x£V 
and K = {K'^)x£v of closed subspaces Kx and K'^ of Hx with KxHK'^ = 

and Kx + K'^ = Hx such that faKx C Ky and faK'^ C K'y for any- 
arrow a : X —>■ y. 

(2)In the statement of the above Proposition 13.11 we cannot replace 
the set Idem{H, f) of idempotents of endomorphisms by the set of 
projections of endomorphisms. For example, let Hq = C^. Fix an 
angle 9 with < ^ < 7i/2. Put Hi = C(l, 0) and H2 = C{cos9, sind). 
Then the system {Hq\ Hi, H2) of two subspaces is isomorphic to 

(C^; C © 0, © C) ^ (C; C, 0) © (C; 0, C). 

Hence {Hq; Hi, H2) is decomposable. See Example 2 in |EWj and the 
Remark after it . Now consider the following quiver P : 

ai Q2 
Ol ^ OQ * °2 

Define a Hilbert representation {H, f) of T hj H = (-ffi)i=o,i,2 and 
canonical inclusion maps /j = /„- : Hi —>■ Hq for i = 1,2. Then 
the Hilbert representation {H, f) is also decomposable, see Example 
3 below in this paper. But for any P = (-Pi)i=o,i,2 £ End{H, f), if 
Pi e B{Hi) is a projection for z = 0, 1, 2, then P = ot P = I. In fact 
Po{Hi) C Hi. for i = 1,2 . Let d e B{Hq) and 62 G B{Hq) be the 
projections of Hq onto Hi and H2. Then the C*-algebra C*({ei,e2}) 
generated by ei and 62 is exactly B{Hq) = M2(C). Since Pq commutes 
with ei and 62, Pq = or Pq = I- Because Pj = Po|_ffi, Pj = or Pj = / 
simultaneously. 

Example 1. Let P be a loop with one vertex 1 and one arrow a : 

1 — > 1, that is, the underlying undirected graph is an extended Dynkin 
diagram Aq. Let Hi = £^(N) and fa = S:Hi^Hihea. unilateral 
shift. Then the Hilbert representation {H, /) is infinite-dimensional 
and indecomposable. In fact, any T e Idem{H, f) can be identified 
with T e B{f{N)) with = T and TS = ST. Since T commutes 
with a unilateral shift S, the operator T is a lower triangular Toeplitz 
matrix. Since T is an idempotent, T = or T = I. Thus {H, /) is 
indecomposable. Replacing S by S+XI for A G C, we obtain a family of 
infinite-dimensional, indecomposable Hilbert representations {H^, f^) 
of P. Since {H^, f^) and {H^, f^) are isomorphic if and only if + A/ 
and S + III is similar, we have uncountably many infinite-dimensional, 
indecomposable Hilbert representations of P. 
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Example 2. Let F = {V,E,s,r) be a quiver whose underlying undi- 
rected graph is an extended Dynkin diagram An, {n > 1). Then there 
exist uncountably many infinite-dimensional, indecomposable Hilbert 
representations of F. For example, consider 



n+1 




Define a Hilbert representation {H, f) of T hj Hi = H2 = ■ ■ ■ = Hn+i = 
f{N), fa2 = fa3 = --- = fa„+i = I and fa^ = S, the unilateral shift. 
Let P = {Pk)kev e Idem{H, /). Then 

Pi = P2 = --- = Pn+1 and SPi = P2S. 

Since Pi is an idempotent and SPi = Pi 5, we have Pi = or Pi = /. 
This implies P = or P = /. Therefore [H, f) is indecomposable. 
Replacing S' by 5* + A/ for A G C, we obtain uncountably many infinite- 
dimensional, indecomposable Hilbert representations of F. 

Example 3. Let L be a Hilbert space and Ei, . . . En he n subspaces 
in L. Then we say that S = {L; Ei, . . . , En) is a system of n subspaces 
in L. A system S is called indecomposable if S cannot be decomposed 
into a non-trivial direct sum, see jEWj . Consider the following quiver 

F„ = {V,E,s,r) 




1 01 On n 



Define a Hilbert representation {H,f) of F„ by := E^ {k = 
Hq := L and fk = f^^ : = Ek ^ Hq = L be the 
inclusion map. Then the system 5 of n subspaces is indecompos- 
able if and only if the corresponding Hilbert representation (if, /) 
of F is indecomposable. In fact, assume that S is indecomposable. 
Let P = (Pfc)fcey e Idem{H,f). Then fkPk = Pofk- This implies 
Po^Hk) C Hk for k = 1, ... ,n. Since Pq is idempotent and S is inde- 
composable, Pq = or Po = / by \EW\ Lemma 3.2]. Since fkPk = Pofk, 
Pfc = or Pfe = / simultaneously. Thus P = or P = /, that is, {H, f) 
is indecomposable. Conversely assume that {H, f) is indecomposable. 
Let R G B{L) be an idempotent with R{Ek) C Ek for k = 1, . . . ,n. De- 
fine P = (Pfc)feey by Po = P and Pk = Po\h,- Then P G Idem{H, /). 
Therefore P = or P = /. Thus R = O or R = L Hence S is 
indecomposable. 

We can also show that two systems S and S' of n subspaces are iso- 
morphic if and only if the corresponding Hilbert representations {H, f) 
and {H', /') of F are isomorphic. 
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Since there exist uncountably many, indecomposable systems of fours 
subspaces in an infinite-dimensional Hilbert space as in ^EWj . there 
exist uncountably many infinite-dimensional, indecomposable Hilbert 
representations of r4 whose underlying undirected graph is the ex- 
tended Dynkin diagram D4. 

In particular, let K = £^(N) and A G B{K) be a strongly irreducible 
operator studied in |JWj . [JW2j for example, a unilateral shift. Define 
Ho = K®K,Hi = K®Q,H2 = Q®K, 

Hs = {{x, Ax) e K ® K\x G K}, H4 = {{x,x) e K ® K\x G K}. 
Let fk = fak '■ Hk Hq be the inclusion map for k = 1,2,3,4. Put 
= {H^)^^v and /(^) = {fa)a&E- Then {H^^\ f"^^) is an infinite- 
dimensional, indecomposable Hilbert representation of D4. Moreover 
let A and B be strongly irreducible operators on £^(N). Then two 
indecomposable Hilbert representations {H^^\ f^^^) and (H^^\ f^^^) 
of are isomorphic if and only if two operators A and B are similar. 
Example 4. Consider the following quiver F = {V,E,s,r) 

o 2" 

I 

o 1" 

I 

O — >~ O — P~ O O ft — o , 

2 1 1' 2' 

Then underlying undirected graph is an extended Dynkin diagram Eq. 
Let K = £^(N) and S a unilateral shift on K. We define a Hilbert 
representation {H, f) := ((iJ^)^gy, {fa)a€E) of T as follows: 

Put Ho = K®K®K, Hi = K ®0® K, H2 = 0®0®K, 
Hi, = K ® K ®0, H2' = 0® K ®0, 
Hi" = {{x, X, x) + {y, Sy, 0) G \ x,y E K} and 
H2" = {{x,x,x) e \ X e K}. 
Then Hyi is a closed subspace of Hq. In fact, let 

{Xn, Xn, Xn) + ijjn, Syn, 0) = (x„ + X„ + S'?/„, X„) G -fTl" 

converges to (a, 6, c) G i/o- Then a;„ — > c, ?/„ — > a — c and c + ^(a — 
c) = b. Define x = c and y = a — c. Then (a, 6, c) = (x, x, a;) -|- 
{y, Sy, 0) G -f^i". For any arrow a E E, let /„ : -^^(q,) — » i^r(«) be the 
canonical inclusion map. We shall show that the Hilbert representation 
{H, f) is indecomposable. Take T = (Ty)^^Y G Idem{H, f). Since 
T G End{H,f), for any v G {1, 2, 1', 2', 1", 2"} and any x G if^, we 
have Tqx = TyX. In particular, Tgif^ C -ff^. Since Hi^Hy = KQ)0(B0, 
H2' = 0Q)KQ)0 and H2 = 0Q)0Q)K, Tq preserves these subspaces. Hence 
To is a block diagonal operator with Tq = P ®Q ® R E B{K ® K ® K). 
Since To(if2") C H2", for any x E K, 

To{x,x,x) = {y,y,y) 

for some y E K. Therefore P = Q = R and Tq = P © P © P. 
Moreover P is an idempotent, because so is Tq. Since Tq preserves 
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Hi' n Hi'/ = {{y,Sy,0) e \ y G K}, for any y & K, there exists 
z & K such that 



Therefore PSy ^ Sz ^ SPy for any ye K, i.e., PS = SP. Since P 
is an idempotent, P — or P = I. This means that Tq = or Tq = /. 
Because ToX = Ti,x for any x E H^ for v E {1, 2, 1', 2', 1", 2"}, we have 
= or T„ = / simultaneously. Thus T = or T = /, that is, 
Idem{H,f) = {0,/}. Therefore {H,f) is indecomposable. 

Example 5. We have a different kind of infinite-dimensional, inde- 
composable Hilbert representation {L,g) = {{L^)y(zy, (gajaeE) of the 
same F in Example 4 as follows: Let K = £^(N) and S a unilateral 
shift on K. Define Lq = K ® K ® K, Li = ® K ® K, 
L2^0(B{{y,Sy)eK^ \ ye K}, L^'^K®K®0, 

= {(x, x) e ^2 I X G X} © 0, L-^n = X ® e X, 

= {(a;, 0, x) G -ftr^ | a; G -ftT}. For any arrow a & E, let (7^ : 
Lr{a) be the canonical inclusion map. We can similarly prove that the 
Hilbert representation (L, g) is indecomposable. 

We shall show that two Hilbert representations in Example 4 and 5 
are not isomorphic. In fact, on the contrary, suppose that there were 
an isomorphism (f = {fv)v£V '■ {H-,f) {L,g). Since any arrow is 
represented by the canonical inclusion, ip^ : Hq Lq satisfies that 
= ^o\Hy '■ — > Ly. This implies that (Pq{H^) C Ly for any v & V. 
Since (fio{Hii) C Lii and (po{Hi) G Li, (pg has a form such that 



Since (/?o(i^2) C L2, for any z E K there exists y E K such that 
{0,Dz,Ez) = {0,y,Sy). Hence Ez = Sy = SDz, so that E = SD. 
Then limpQ C K (B K (B lica S Lq. This contradicts the assumption 
that (po : Ho ^ Lq is onto. Therefore Hilbert representations {H, f) 
and (L, g) of F are not isomorphic. 



Refiection functors are crucially used in the proof the classification 
of finite-dimensional, indecomposable representations of tame quivers. 
In fact any indecomposable representations of tame quivers can be 
reconstructed by iterating refiection functors on simple indecomposable 
representations. We can not expect such a best situation in infinite- 
dimensional Hilbert representations. But refiection functors are still 
useful to show that some property of representations of quivers on 
infinite-dimensional Hilbert spaces does not depend on the choice of 





4. Reflection functors 
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orientations and does depend on the fact underlying undirected graphs 
are (extended) Dynkin diagrams or not. 

Let r = (y, E, s, r) be a finite quiver. A vertex v eV is called a sink 
if V 7^ s{a) for any a E E. Put E^ = {a E E \ r{a) = v}. We denote 
by E the set of all formally reversed new arrows a for a E E. Thus if 
a : X y is an arrow, then a : x ^ y. 

Definition. Let F = [V, E, s, r) be a finite quiver. For a sink v eV , 
we construct a new quiver cr+(F) = {a^{V),a^{E),s,r) as follows: All 
the arrows of F having v as range are reversed and all the other arrows 
remain unchanged. More precisely, 

cjt{V)^V at{E)^{E\E^)\jW, 

where W ^{a\aE E'"}. 

Definition, (refiection functor Let F = {y,E,s,r) be a finite 

quiver. For a sink v eV define a reflection functor at v 

: HRep{V) HRep{a+{r)) 

between the categories of Hilbert representations of F and o-+(F) as 
follows: For a Hilbert representation {H, f) of F, we shall define a 
Hilbert representation {K,g) = /) of o-^{T). Let 

be a bounded linear operator defined by 

aeE-" 

Define 

Ky := Kerhy = {{Xa)aeE^ e ®aeE^Hs{a) \ ^ fa{Xa) = 0}. 

Consider also the canonical inclusion map i„ : Ky (BaeE-"Hs(a)- For 
u E V with u ^ V, put Ku = Hu- 
For /3 e let 

be the canonical projection. Then define 

9l3 ■ = Ky^ K^g^^ = Hs(p) by g^ = Ppo i^ 

that is, g-0{{Xa)a&E-) = Xp. 
For (3 ^ E\ let gp = fp. 

For a homomorphism T : {H, f) — > [H', f), we shall define a homo- 
morphism 

S = {SXev = : (X, g) = /) ^ (X', g') = /') 

If w = 1), a bounded operator Sy : Ky ^ K'^ is given by 

Sv{{Xa)aeE-") — {Ts{a){Xa))aeE^ ■ 
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It is easy to see that Sy is well-defined and we have the following 
commutative diagram: 



> Ky — ®aeE^Hs[a) 



hv 







Sy 



K' 



H'r. 



For other u &V with u ^ v, we put 



We shall consider a dual of the above construction. A vertex v & V 
is called a source if w 7^ r{a) for any a E E. Put Ey = {a E E \ s{a) = 
v}. 

Definition. Let F = (V, E, s, r) be a finite quiver. For a source v eV, 
we construct a new quiver (7~(F) = {a~{V), a^{E), s, r) as follows: All 
the arrows of F having v as source are reversed and all the other arrows 
remain unchanged. More precisely, 

a-{V)^V a;{E)^{E\Ey)UE-y, 

where Ey — {a \ a E Ey}. 

In order to define a reflection functor at a source, it is convenient to 
consider the orthogonal complement Af-*- of a closed subspace M of a 
Hilbert space H instead of the quotient H/M. Define an isomorphism 
f : ^ H/M by f{y) = [y] = y + M ior y e G H. Then the 
inverse : H/M M-*- is given by f~^{[x]) = Pm{x) for x E H, 
where is the projection of H onto M-^. We shall use the following 
elementary fact frequently: 

Lemma 4.1. Let K and L he Hilbert spaces, M G K and N G L 
be closed subspaces. Let A : K ^ L be a bounded operator. Assume 
that A{M) G N. Let A : K/M L/N be the induced map such that 
A{[x\) = [Ax] for X e K. Identifying K/M and L/N with M-^ and 
N-^, A is identified with the bounded operator S : M-*- — > N-^ such that 
S{x) = Pi^{Ax). Then S^{A*\j^±)*. 

Proof Consider A* : L ^ K. Since A{M) G N, we have A*{N^) G 
M-*-. Hence the restriction A*\f^± : N-^ — > M-*- has the adjoint 

iA*\N±)* : M^ N^. 

For any m G M"*- and n G A^"*" 

{{A*\N±ym\n) = {m\A*\N±n) = {m\A*n) = {Am\n) = {P^{Am)\n). 

□ 
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Definition, (reflection functor $^ .) Let F = {V,E,s,r) be a finite 
quiver. For a source v & V, we define a reflection functor at v 

$- : HRepiV) HRep{a-{r)) 

between the categories of Hilbert representations of F and cr~(F) as 
follows: For a Hilbert representation {H, /) of F, we shall define a 
Hilbert representation {K,g) = ^~{H,f) of ct~(F). Let 

be a bounded linear operator defined by 

K{x) = ifa{x))a&E^ foi X G 

Define 

X^, := (Im/i^)-^ = Ker/i* C ©aGi?„-f^r(a), 

where : ®a&E^Hr(a) ^^t, is given hl{{xa)a&Ej = Y^fai^a)- Foi' 
u E E with u V, put = 

Let Qt, : (BaeEvHr(Q) be the canonical projection. For /3 e E^, 

let 

be the canonical inclusion. Define 
For p ^ E^, let = fp. 

For a homomorphism T : (iJ, /) ^ (iJ', /'), we shall define a homo- 
morphism 

S = (SuUv = KiT) : {K,g) = KiHJ) ^ iK',g') = ^-{H'J'), 

recalling the above Lemma 14.11 For u = v, a bounded operator Sy : 
Ky — i> K'^ is given by 

where Q'^ : ®a£EyH'^^^^ K'^ be the canonical projection. 
We have the following commutative diagram: 



ya£Ev-^ r(a) 



h' Q' 

H'v ^ ®aeE^H'r{a) ^ K'y >• 

For other u E V with u v, we put 

We shall explain a relation between two (covariant) functors $^ and 
$~. We need to introduce another (contravariant) functor <l>* in the 
first place. 
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Let r = (V, E, s, r) be a finite quiver. We define the opposite quiver 
r = [V, E, s, r) by reversing all the arrows, that is, 

V = V and E = {a\aeE}. 

Definition. Let F = {V, E, s, r) be a finite quiver and F = [V , E, s, r) 
its opposite quiver. We introduce a contravariant functor 

$* : HRep{T) HRep(r) 

between the categories of Hilbert representations of F and F as fol- 
lows: For a Hilbert representation {H, f) of F, we shall define a Hilbert 
representation {K,g) — ^*{H, f) of F by 

Ku = Hu ior u E V and Qa — fa for oi E E. 

For a homomorphism T : {H,f) — > {H',f'), we shall define a homo- 
morphism 

S = {SXev = ^*{T) : {K\ g') = /') ^ (X, g) = ^*{H, /), 

by bounded operators Su ■ K'^ = H'^ ^ K,^ = given by Su = T*. 

Proposition 4.2. Let F = {V,E,s,r) be a finite quiver. If v E V is 

a source of V , then v is a sink ofV, cr~(F) = cr+(F) and we have the 
following: 

(1) For a Hilbert representation {H,f) ofV, 

(2) For a homomorphism T : {H, f) -> {H' , f ), 

$;(T) = $*(<|.+(<|.*(T))). 

Proof. (1): It is enough to consider around a source v. For each a E E^ 
with a : V ^ u = r{a), a bounded operator fa'.H^-^ Hu is assigned in 
{H, /). Taking $*, we have <^%H^) = and = f* : ^ H, 

in ^*{H,f). Let 

be a bounded operator given by 
Define 

Then = and = if„ in /)). Con- 

sider the canonical inclusion map iy : Wy — > ©aGE„-f^r(a)- ^oi (3 E E^, 
let 
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be the canonical projection. Then $+($*(/^)) = Pg o i^. Finally take 
$* again. Since h*^ : ^ ®aeE^Hr(a) is given by 

{K)iy) = ifa{y))aeE^ = k{y), for y e H^. 

we have 

Moreover i* = : ®a(^EyHr(a) is the canonical projection. For 

P E Ey, we have 

Therefore 

$*($+(<i>*(/^))) = (P^ o = ^l o p; = o = $;(/^). 

(2): If M ^ t;, then 

($*($+($*(r))))„ = Tr = = ($;(T)K. 

li u = V, then, apply Lemma HIT] by putting that K = (BaeEyHr(a), 
L = ®aGE^Hl^a)^ ^ is the closure of {{fa{x))a&E^ eK \ x e H^} in K, 
N is the closure of {{fa{^))a£Ey G L | x G H'^} in L and A : — > L with 

A{{ya)aeEj = {Tr^a)ya)a^E.. Then ($*($+($* (T) )) = ($-(T)),. 

□ 

Proposition 4.3. Let F = (y, i?, s, r) he a finite quiver. If v & V is 

a sink ofV, then v is a source ofV, cr^(F) = CyiV) and we have the 
following: 

(1) For a Hilbert representation {H,f) ofT, 

(2) For a homomorphism T : {H, f) — * {H', f), 

$+(T) = $*($,-(r(T))). 

Proof. It follows immediately from Proposition 14.21 and the fact that 
= Id. 

□ 

5. Duality theorem 

We shall show a certain duality between reflection functors. Bernstein- 
Gelfand-Ponomarev [BGPj introduced reflection functors and Coxeter 
functors and clarify a relation with the Coxeter- Weyl group and Dynkin 
diagrams in the case of finite-dimensional representations of quivers. In 
the case of infinite-dimensional Hilbert representations, duality theo- 
rem between reflection functors does not hold as in the purely algebraic 
setting. We need to modify and assume a certain closedness condition 
at a sink or a source. 

Definition. Let F = {V,E,s,r) be a finite quiver and v & V a sink. 
Recall that E"" = {a \ r{a) = v}. We say that a Hilbert representation 
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{H, f) of r is closed at v if Im fa C is a closed subspace. We 

say that {H, f) is full at f if J2aeE^- fa = H^. 

Remark. Recall that a bounded operator : ®a£E^Hs(a) ~^ Hy is 
given by hy{{xa)a&E'<') — ^agE" fai^a)- Then a Hilbert representation 
(H, f) of r is closed at f if and only if Im is closed. A Hilbert 
representation {H, f) is full at if and only if is onto. 
Definition. Let T = (V, E, s, r) be a finite quiver and v & V a. source. 
Recall that Ey — {a\s{a) = v}. We say that a Hilbert representation 
{H, f) of r is co-closed at v if Ylia&E^ -'-^ fa C -ff^ is a closed subspace. 
We say that {H, f) is co-full at if YliaeE^ -'-^ /a — Hy 

Remcirk. Recall that a bounded operator hy : Hy ^ ®aeEyHj.(^a) is 
given by hy(x) = {fa{x))aeE^ for x E Hy. Then a Hilbert representa- 
tion {H, f) of r is co-closed at v if and only if Im /i* is closed. A Hilbert 
representation (iJ, /) is co-full at v if and only if h*y is onto if and only 
if Im hy is closed and P\a&Ev Ker fa = 0- In fact the latter condition is 
equivalent to (Im/i*)-*- = Kerhy — 0. We also see that {H,f) is co- 
closed at V if and only if /) is closed at v. And {H, f) is co-full 
at V if and only if ^1{H, f) is full at v. 

In order to prove a duality theorem, we need to prepare a lemma. 

Lemma 5.1. Let H and K he Hilbert spaces and T : H ^ K he a 
hounded operator. Let T = U\T\ he its polar decomposition and U a 
partial isometry with supp U = Im |T| and ImU = ImT. Suppose that 
Im T is closed. Then we have the following: 

(1) Im \T\ — ImT* is a closed subspace of H. 

(2) Under the orthogonal decomposition 

H = Ker |T|^ Ker |T| = Im |T| © Ker |T|, 

the restriction |T||iin|r| : Im |T| — Im |T| is a hounded invertihle 
operator. 

(3) Let S = (|T|| 

im|T|) be its inverse. Define a hounded operator 
B : K ^ ImT* hy Bx = SU*x for xEK. Let Q : H ^ ImT* 
he the canonical projection. Then BT = Q. Moreover -B|imr : 
Im T ^ Im T* is a hounded invertihle operator. 

Proof. (l)Since ImT is closed, ImT* is also closed. Since U{\T\x) — Tx 
by definition of U and ImT is closed, Im |T| is closed. 

(2) Since Ker |T|^ = Im|T|, \T\\i,^\t\ is one to one. Since \T\{H) = 
|T|(Im|T|) is closed, |T||iin|r| is onto. Hence |T||iin|r| is bounded in- 
vertihle. 

(3) For any x = X1+X2 € H with Xi G Im |T| = ImT* and X2 G Ker |T|, 

BTx = SU*U\T\x = S\T\x = S\T\xi = xi = Qx. 
It is clear that B\iaiT is a bounded invertihle operator. □ 
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Theorem 5.2. Let T = (V, E, s, r) he a finite quiver and v & V a sink. 
Assume that a Hilbert representation {H,f) of T is closed at v. Let 
hv '■ ®a<^E^Hs(^a) ^ be a bounded operator defined by hy{{xa)a€E^) = 
SaG-B" /"(^")- Define a Hilbert representation {H,f) of T by Hy = 
(Imhy)^ C Hy, Hu = for u ^ v and / = 0. Then we have 

{HJ) = ^-{^t{HJ))(B{Hj). 

Proof Let {H+,f+) = and {H+- , f+-) = <l>-(<l>+(if, /)). 

Then if+ = Kerhy = {{xa)a€E- e ®aeE^Hs{a) \ J2a(^E- = 0}' 

and H^ = H^ for v. We have f^{fxa)a<^E^^ = ^(i for P E , and 
/+ = for (3 ^ E\ 

Let hy : ®aeE^Hs(^a) be a bounded operator given by 

hv{{Xa)a&E^) = {f^{{Xa)a<^E'"))l3^E^ = {Xp)p^E'" = {Xa)a&E^- 

Hence hy is the canonical embedding. Since (if, /) is closed at v, Im hy 
and Im/i* are closed subspaces. Therefore 

H+- = (Imhy)^ = {H+)^ = {Kerhy)^ = Imh*,. 

For any other u E V with u v, H^^ = Hy. Let Qy : ®a£E^Hs(a) —>■ 
H^" be the canonical projection. For (3 E E"", let 

be the canonical inclusion. Then fj^~ : ifs(/3) H:^~ is given by 
= Qv° jf3- For other (3 ^ E'" , vfe have = //j. 
We shall define an isomorphism 

^■.{HJ)^^-{^t{HJ))®{Hj). 

Apply Lemma ISTTl by putting T = hy, H = (BaeE^Hs(^a) and K = Hy. 
Consider the polar decomposition hy = U\hy\. Put S = (|/i„||im|/i„|)~"'^- 
Define a bounded operator S : if^ ^ Im /i* by i? = SU*. Then Bhy is 
the canonical projection Qy of Hy onto Im/i*. We define 

ipy:Hy = Im hy © (Im hy)-^ if © if^ = Im /i* © (Im hy)^ 

by {py{x,y) = {B\irah^x,y) for x G Im/i^, and ?/ G (Imhy)^. By Lemma 
15.11 (2), ipy is a bounded invertible operator. For u E V with u v, 
put : ii„ ^ Hy © by ipu{x) = {x, 0) for x E Hy. For any {3 E E'" 
and X G iis(/3), 

y'i, o //3(a;) = v?,;(/i^,(j/3(a;))) = (5(/i^(j^(x))), 0) = {QyUn^x)), 0). 
On the other hand, 

(/r ®o) = (/r ® = (/r(^)'O) = °j/3(^)>o). 

For other (3 ^ E"", we have 

° fp" = '^ri(3) O ff3 = ff30 <^s{f3) = fp~ O <^s{f})- 
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Hence 99 : {H, f) (if, /)) © (if, /) is an isomorphism. □ 

Counter example. If we do not assume that a Hilbert representation 
(if,/) of r is closed at v, then the above Theorem 15.21 does not hold 
in general. In fact, consider the following quiver F = (V, E, s, r): 

Ol ^ oq < 02 

Let K = with the canonical basis {en)n£K- Define a Hilbert 

representation (if, f) oiT hj Hq = K ® K, Hi = K ®0 and ii2 is the 
closed subspace of iio spanned by {(cos ^e„, sin ^Cn) G K®K \ n G N}. 
Then iii fl ii2 = and iii + ii2 is a dense subspace of if but not closed 
in ifo. Let fk = fa^ '■ Hk ifo be the inclusion map for k = 1,2. Then 
(if, /) is not closed at a sink 0. It is easy to see that Hq = Ker Hq = 0, 
/i+ = and /2+ = 0. Therefore ffo+" = Hi ® H2 and H+~ = Hi, 
if^~ = if 2. We have /^^ : ff^ ff 1 © ff2 is a canonical inclusion for 
k = 1,2. Since ifo = (Imh^)^ = 0, we have (ff, /) = (0, 0). Therefore 

$,-($+(ii, /)) © {H, /) = $;($+(if, /)) = (ff+-, /+-) 

is closed at a sink 0. But (ff, /) is not closed at a sink 0. Therefore 
there exists no isomorphism between (ff, /) and $~($+(ff, /))©(ff, /). 

Note that (ff, /) is not full at a sink and $;;($+(ff, /)) is full at 
a sink 0. Therefore this example also shows that, if we do not assume 
that a Hilbert representation (ff, /) of F is full at v, then the following 
Duality Theorem (Corollary 15.31) does not hold in general. 

Corollary 5.3. (Duality theorem.) Let F = {V,E,s,r) be a finite 
quiver and v & V a sink. If a Hilbert representation {H, /) of F is full 
at V, then 

(ff,/)-<l>;($+(ff,/)). 

Proof. Since {H, f) is full at v, H^ = (Imhy)^ = H^ = 0. Hence 
{H, f) = (0, 0) in Theorem O □ 

Remark. It is also necessary that (if, /) is full at the sink v in order 
that the above Duality Theorem holds. It follows from Lemma 15.81 
below. 

We have a dual version. 

Theorem 5.4. Let F = {V,E,s,r) be a finite quiver and v & V a 
source. Assume that a Hilbert representation (ff, /) o/F is co-closed at 
V. Let : Hy ®aeEyHr{a) is a bounded operator defined by hy{x) = 
{fa{x))a£Ey for X G if^. Define a Hilbert representation {H, f) ofV by 

H^ = {lmhl)^{= KeiK = n„ei?„ Ker/«) C H^, 
Hu = for u ^ V and / = 0. Then 

{H,f) = ^^{^-{H,f))®{H,f). 
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Proof. We see that f is a sink in F, because f is a source in T. Since a 
Hilbert representation {H, /) of F is co-closed at v, a Hilbert represen- 
tation /) is closed at v. By Theorem 15 ■2[ there exists a Hilbert 
representation {H, f) of F such that 

/) = /))) © (H, /). 

Put {H/f) = ^l{H,~f). Then 

{H, f) = /)) = /) © <i>:(if , /) 

= (<i>:$;<i>:)(<i>:$+<i>:)(if, /) © <^:{h, /) 
/))©(ij,/). 

Moreover it is easy to see that 

if, = (5^Im/:)^ = n„e£;„Ker/„. 

□ 

Counter example. If we do not assume that a Hilbert representation 
{H, /) of F is co-closed at the source v, then the above Theorem 15.41 
does not hold in general. In fact, consider the following quiver F = 
{V,E,s,ry. 

°l ^ °0 ^ °2 

Let K = £^(N) with the canonical basis (e„)„gN. Define a Hilbert 
representation {H, f) oiT hy Hq = K ® K, Hi = K ®0 and H2 is the 
closed subspace Hq spanned by {(cos ^e„, sin ^e„) E K Q) K \ n E N}. 
Let fk = fok '■ Hq ^ Hk be the canonical projection for /c = 1, 2. 
Then (if, /) is not co-closed at a source 0. It is easy to see that Hq = 
(Im/io)^ = 0, /f = and = 0. Therefore Hq+ = Hi ® H2 and 
Hi+ = Hi, H^^ = H2. We have that : Hi ® H2 ^ Hk is the 
canonical projection for k = 1,2. Since Hq = Ker/io = 0, we have 
(HJ) = (0,0). Therefore 

KiKiH, /)) © {H, f) = KiKiH, /)) = {H-\ /-+) 

is co-closed at a source 0. But {H, f) is not co-closed at a source 0. 
Therefore there exists no isomorphism between {H, f) and $+($~(if, /))© 
iH,f). 

Note that {H, f) is not co-full at a source and $^($^, {H, /))is co- 
full at a source 0. Therefore this example also shows that, if we do not 
assume that a Hilbert representation {H, f) of F is co-full at v, then the 
following Duality Theorem (Corollary 15.51) does not hold in general. 
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Corollary 5.5. (Duality theorem.) Let T = {V,E,s,r) be a finite 
quiver and v & V a source. If a Hilbert representation {H, f) of T is 
co-full at V, then 

(ff, = (if,/)). 

Proof. Since {H,f) is co-full at v, = nag£;„Ker/a = 0. Hence 
(if, /) = (0, 0) in Theorem [531 □ 

Remark. It is also necessary that {H, f) is co-full at the source v in 
order that the above Duality Theorem holds. It follows from Lemma 
15.61 below. 

Lemma 5.6. Let T = {y,E,s,r) be a finite quiver and v & V a sink. 
Then for any Hilbert representation {H, f) ofV, ^^{H, f) is co-full at 

V. 

Proof Put {H+J+) = <^+{HJ). Recall that h^ : ®a&E-Hs(a) ^ 
is given by /i„((a;„)„g£;.) = EaeS" /«(^")' = Ker/i„. And 

For P & E^, let i^ : Hl^ ®a<^E^Hs(^a) be the canonical inclusion and 
P/3 '■ ®a£E^Hs(a) ^ -^s(/3) t^ie cauouical projection. We define 

■ Km = K - Km = = ° 

Therefore /+* : fi,(^) ^ H+ is given by ff = il o P/. Since P; : 
Hsm ~^ ®aeE^Hs(^a) is the canonical inclusion and z* : ®aeE^Hs(^a) 
is the canonical projection, we have 

^Im/+*= ^ Im(^: o P/) = ii+. 

Therefore {H+ , /+) is co-full at v. □ 

Proposition 5.7. Let T = {V,E,s,r) be a finite quiver and v & V a 
sink. If {H, f) is a Hilbert representation of T , then 

Proof. Since $J(-fi, /) is co-full at the source v in cr^(r) by the above 
lemma [521 duality theorem (Corollary 15.51 ) yields the conclusion. □ 

Lemma 5.8. Let T = {V, E, s, r) be a finite quiver and v & V a source. 
Then for any Hilbert representation {H, f) ofV, $~(ii, /) is full at v. 

Proof. Put (H-J-) = ^-{HJ). Recall that K : H^ ^ 

is given by hy{x) = {fa{x))aeE^ foix e Hy. and ii^ = (Imhy)-^ C 

®aeE^Hr(a), Let Qy : ®a(^E^Hr[a) H~ bc the canonical projection. 

For P E Ey, let jp : -fir(/3) ®aeEvHr(a) be the canonical inclusion. 

Then 

• Km = Km = = ° 
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Therefore 

Thus (if-,/-) is full at t;. □ 

Proposition 5.9. Let T = {V,E,s,r) be a finite quiver and v E V a 
source. If{H,f) is a Hilbert representation ofT, then 

Proof. Since ^^{H, f) is full at the source in cr^{T) by the above lemma 
I5.8[ duality theorem (Corollary 15.31 ) yields the conclusion. □ 

We examine on which representation a reflection functor vanishes. 

Lemma 5.10. Let T = {V,E,s,r) be a finite quiver and v E V a 
sink. Then, for any Hilbert representation {H, f) of T, the following 
are equivalent: 

(1) $+(//,/) == (0,0) 

(2) Hu = for any u eV with u ^ v. 

Furthermore if the above conditions are satisfied and {H, f) is indecom- 
posable, then = C. // the above conditions are satisfied and {H, f) 
is full at the sink v, then {H, f) = (0, 0). 

Proof Put {H+,f+) = <l>+{H,f). Recall that hy : ©„gE«ii,(„) ^ 
is given by hy{{xa)aeE-) = Y^aeE- fai^a)^ and H+ = Keih^. For other 
u eV with u ^v, = Hu. 

(1) ^(2): Assume that ^^{H, f) = 0. Then, for any u E V with u ^ v 
we have Hu = H^ = 0. 

(2) ^(1): Assume that Hu = for any u E V with u ^ v. Then 
H:^ = 0, because H:^ = Kerhu C (BaeE^Hs(^a) = 0. For other u E V 
with u^v, H^ = Hu = 0. 

Furthermore assume that the above conditions are satisfied and {H, f) 
is indecomposable. Then / = 0. Suppose that dimii^, > 2. Then a 
non-trivial decomposition H^ = K (B L gives a non-trivial decomposi- 
tion of {H,f). This contradicts that {H,f) is indecomposable. Hence 
Hu = C. Assume that the above conditions are satisfied and {H, f) 
is full at V. Then / = 0, so that Hu = J2aeE^^^ fci = 0- Hence 
{H,f) = [0,0). 

□ 

Lemma 5.11. Let T = {V,E,s,r) be a finite quiver and v E V a 
source. Then, for any Hilbert representation {H,f) ofT, the following 
condition are equivalent: 

(1) $-(ii,/) = (0,0) 

(2) Hu = for any u E V with u ^ v. 
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Furthermore if the above conditions are satisfied and {H, /) is indecom- 
posable, then = C If the above conditions are satisfied and {H, f) 
is co-full at the source v , then {H, f) = (0, 0). 

Proof. Put (H-J-) = ^-{H,f). Recall that K : ®ceE,Hr{^a) 
is given by hv{x) = ifaix))aeE^ for x G H^, and H:^ = (Imhy)-^ C 
®a&E^Hr{a)- Foi otlier u & V with u^v, H~ = Hu- 

(1) ^(2):Assume that ^^{H, f) = 0. Then, for any u E V with u ^ v 
we have Hu = HZ. — 0- 

(2) ^(1): Assume that = for any u E V with u ^ v. Then 
H~ = 0, because H~ = (Imhy)^ C ®aeEyHr(a) = 0. For other u eV 
with u ^ V, H~ = Hu = 0. 

Assume that the above conditions are satisfied and [H, f) is co-full 
at V. Since = for any a E E, Hy = J^aeE ^^fa — 0- Hence 
{H, f) = (0, 0). The rest is clear. " □ 

We shall show that a refiection functor preserves indecomposability 
of a Hilbert representation unless vanishing on it, under the assumption 
that the Hilbert representation is closed (resp. co-closed) at a sink 
(resp. source). 

Theorem 5.12. Let T = {V, E, s, r) be a finite quiver andv eV a sink. 
Suppose that a Hilbert representation {H, f) ofT is indecomposable and 
closed at v. Then we have the following: 

(1) If^tiHJ) = 0, then Hy = C, Hu = for any u E V with 
u V and = for any a E E. 

(2) If ^^{H, f) 7^ 0, then ^^{H,f) is also indecomposable and 
{H,f) = ^-{^t{H,f)). 

Proof. Recall an operator /it, : ®a<^E^Hs(^a) H^ definedhy hy{{xa)a<^E^) = 
SaGE'' fai^a)- Siucc {H, f) is closcd at a sink t>, we have a decompo- 
sition such that 

{HJ) = ^-{^^,{HJ))®{HJ) 
by Theorem 15.21 where H^ = (Im/i^)-*- C H^j, Hu = for u ^ v and 

/ = o. 

Since (HJ) is indecomposable, $;($+(//,/)) = (0,0) or (HJ) ^ 
(0,0). 

(Case 1): Suppose that $-($+(//,/)) - (0,0). Then (HJ) - {H,f). 

Hence Hu = Hu = ioi u ^ v. This implies that $+(i/, /) ^ (0, 0) by 

Lemma lS.lOi Since {H, f) is indecomposable, H^ = C. 

(Case 2):Suppose that [HJ) = (0,0). Then (HJ) = $-($+(if, /)). 

Since {H,f) is non-zero, ^^{H,f) is non-zero. We shall show that 

$+(if, /) is indecomposable. Assume that $+(i/, /) = {K, g)®{K', g'). 

Then 

{HJ) = ^-{^tiHJ)) = KiK,g)®KiK',g'). 
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Since {H, f) is indecomposable, = (0,0) or (!>-{K',g') = 

(0, 0). By Lemma 15.61 , ^y{H, f) is co-full at v, so are its direct sum- 
mands {K,g) and {K',g'). Then {K,g) ^ (0,0) or {K',g') ^ (0,0) by 
Lemma EHH Thus $+(if, /) is indecomposable. 

Since (Case 1) and (Case 2) are mutually exclusive and either of 
them occurs, we get the conclusion. 

□ 

We have a dual version. 

Theorem 5.13. Let T = {V,E,s,r) be a finite quiver and v & V a 
source. Suppose that a Hilbert representation {H, /) of T is indecom- 
posable and co-closed at v. Then we have the following: 

(1) // $^ (//,/) = 0, then = C, Hu = for any u e V with 
u ^ V and = for any a & E. 

(2) If ^~{H, f) 7^ 0, then $~(if, /) is also indecomposable and 
{H,f) = <!>t<^-{H,f)). 

Proof. A dual argument of the proof in Theorem 15.121 works. 

□ 



6. Extended Dynkin diagrams 

Gabriel's theorem says that a connected finite quiver has only finitely 
many indecomposable representations if and only if the underlying 
undirected graph is one of Dynkin diagrams An, Dn, Eq,Ei,Es. Rep- 
resentations of quivers on finite-dimensional vector spaces has been 
developed by Bernstein-Gelfand-Ponomarev [BGP], Donovan- Freislish 
[DF] . V. Dlab-Ringel [DRj, Gabriel-Roiter [GRJ, Kac [Kaj, Nazarova 

m - • 

Furthermore locally scalar representations of quivers in the category 
of Hilbert spaces up to the unitary equivalence were introduced by 
Kruglyak and Roiter [KRo] . They prove an analog of Gabriel's theo- 
rem. 

We consider a complement of Gabriel's theorem for Hilbert rep- 
resentations. We need to construct some examples of indecompos- 
able, infinite-dimensional representations of quivers with the underly- 
ing undirected graphs extended Dynkin diagrams Dn {n> A), ,Ei and 
E^. We consider the relative position of several subspaces along the 
quivers, where vertices are represented by a family of subspaces and 
arrows are represented by natural inclusion maps. 

Lemma 6.1. Let T = (y,E,s,r) be the following quiver with the un- 
derlying undirected graph an extended Dynkin diagram Dn for n > 4: 
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Then there exists an infinite- dimensional, indecomposable Hilbert rep- 
resentation {H,f) o/r. 

Proof. Let K — £^(N) and S a unilateral shift on K. We define a 
Hilbert representation {H, f) := {{H^)^,^y, {fa)aeE) of T as follows: 
Define Hi = K®0, H2 = 0®K, H3 = {{x, Sx) e K ® K\x G K}, 
Hi = {{x,x)eK® K\x e K}. H5 = He^ - --^ H^+i = K(BK, 
Let /aj. : Hs{ak) ~^ Hr(ak) be the inclusion map for any ak & E for 
k = 1,2, 3, 4, and //j = id for other arrows P E E. Then we can show 
that {H, /) is indecomposable as in Example 3 in section 3. 

□ 

Let r = (y, E, s, r) be the quiver of Example 4 in section 3. with 
the underlying undirected graph a extended Dynkin diagram Eq. We 
have already shown that there exists an infinite-dimensional, indecom- 
posable Hilbert representation [H, f) of T. 

Lemma 6.2. Let V — (V, E, s, r) he the following quiver with the un- 
derlying undirected graph an extended Dynkin diagram E^: 

I 

o — ^ o — o — ^ o — o — o — o 

3 2 1 1' 2' 3' 

Then there exists an infinite-dimensional, indecomposable Hilbert rep- 
resentation {H,f) o/r. 

Proof Let K — £^(N) and S a unilateral shift on K. We define a 
Hilbert representation {H, /) := {{Hv)y^V: {fa)aeE) of F as follows: 

Let Ho = K®K®K(BK, Hi = K®0®K(SK, 

H2 = K ®0® {{x,x);x e K}, H3 = K ®0®0®0, 

H^, = ® K ® K ® K, = ® K ® {{y, Sy) e \y e K}, 

H^i = 0®XeOeO and H^n = {{x, y, x,y) e \ x,y e K}. For any 

arrow a & E, let fa '■ Hs(a) -f^r-(a) be the canonical inclusion map. We 

shall show that the Hilbert representation {H, f) is indecomposable. 

Take T = {Ty)v^v ^ Idem{H, f). Since T e End{H,f) and any 

arrow is represented by the inclusion map, we have Tqx — TyX for any 

V e {1,2,3, 1', 2', 3', 1"} and any x e H^. In particular, TqH^ C H^. 

Since Tq preserves = K ® Q ® Q ® Q, H^' = 0®X©0©0, and 

i^i' n ffi = © © ® i^. To is written 

/AO \ 
5 

°~ X y ' 
\ z w ) 
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for some A, B, X, T,Z,W e B{K). 

Because H^n = {{x,y,x,y) G K'^ \ x,y E K} is also invariant under 
To, for any x,y E K, there exist x',y' e K such that 



V 



A 







B 








X 

z 






Y 
W J 



/ x\ 



X 

y 

X 

\y J 



( 



\ 



\ 



( X 

y 

I 

X 

\y' 



\ 



J 



Ax 
By 

Xx + Yy 
Zx + Wy J 

Putting y = 0, we have Ax = Xx and = Zx for any x E K. Hence 
A = X and Z = 0. Similarly, letting x = 0, we have Y = and 
W — B. Therefore Tq has a block diagonal form such that 

/ A \ 

B 













A 





B 



A® B ® A® B. 



Furthermore, as Tq preserves Hi' (1 H2 = {{0,0, x,x) G K"^ \ x G K}, 
for any x E K there exists y E K such that (0, 0, Ax, Bx) = (0, 0, y, y). 
Hence A^ B. Therefore Tq ^ A® A® A® A. Moreover Hi fl H^f = 
{(0, 0, x, Sx) E K'^ \ X E K} is also invariant under Tq. Hence for any 
X E K, there exists y E K such that {0,0, Ax, ASx) = {0,0,y, Sy). 
Thus AS = SA. Since T G Idem{H, f), Tq is idcmpotent, so that A 
is also idempotent. Because AS = SA and A"^ = A, we have A = 
or A — L Thus Tq = or Tq = /. Since for any v E V and any 
X E Hy Tqx = TyX, wc have T^ = or T^ = I simultaneously. Thus 
T = (T„)^ey = or T = /, that is, Idem{H,f) = {0,/}. Therefore 
{H, f) is indecomposable. □ 

Remark. Replacing S hj S + \I for \ G C, wc have uncountably 
many infinite-dimensional, indecomposable Hilbert representations of 

r. 

Lemma 6.3. Let F — {V,E,s,r) be the following quiver with the un- 
derlying undirected graph an extended Dynkin diagram Eg- 

I 



Then there exists an infinite-dimensional, indecomposable Hilbert rep- 
resentation {H, f) ofT. 

Proof. Let K = £^(N) and S a unilateral shift on K. We define a 

Hilbert representation {H, f) := {{Hy)y(zv, {fa)a&E) of F as follows: 

Let Ho = K ® K ® K ® K ® K ® K, 

Hi = {{x,x) E \ X E K} ® K ® K ® K ® K, 

H2 = 0®0®K®K®K®K,H^ = 0®0®0®K®K®K, 

Hi = 0®0®0®K®{{y,Sy) E K'^ \ y E K}, H^ ^ 000000X0000, 

H^' = K®K®{{x, y, x,y) E K"^ \x,y E K}, H^' = X0X0O0O0O0O, 
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Hr(a) be the canonical inclusion 



Hi" = {{y, z, X, 0, y, z) e \ x,y,z e K}. 
For any arrow a E E , let fa '■ Hg^a) 

map. We shall show that the Hilbert representation [H, f) is indecom- 
posable. Take T = {T,)^ev e Idem{H,f). Since T e End{H,f) and 
any arrow is represented by the inclusion map, we have Tqx = T^x for 
any v & V and any x & H^. In particular, ToH^ C H^. Since Tq pre- 
serves subspaces H^' = K®K®0®OeO®0, H2 = 0®OeK®K®KeK, 
Tq has a form such that 



To 



/* 

* 





Vo 






* 

* 
* 






* 
* 
* 
* 






* 
* 
* 
* 





* 

* 

* / 



A 





B 



for some A e B{K K) and B e B{K ®K®K®K). 

Moreover H^>:nH2 = OeOeXeOeOeO and H3 = 0©0©0©ir© 
K®K, are invariant under Tq. Furthermore iJ5 = 0©0ffi0©i^ffi0©0 
and To(if5) C ifs. Therefore Tq is written as 



Tn 



A 





B 



/a 


b 













c 


d 




















e 
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h 














i 


j 


V 











k 





for some a, b, c, d, e, /, g, h, k, I G B{K). 

Since f] H3 ^ Q ® ® ® {{y,0,y) e \ y e K} is invariant 
under Tq, for any y e K, there exists y' E K such that 
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/0\ 
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/ 
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/ \ 

fy + hy 

jy 
ly 



( \ 
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\y ) \0 k I J \y J \ ly ) \y ) 

Therefore f + h = I and j = 0. Next consider H^' (1 H2 = © © 
{{x,y,x,y);x,y G K}. Since H^i fl H2 is invariant under Tq, for any 
x,y e K there exist x',y' e K such that 



B 



/ x\ 




y 




X 




\y J 


\ 





/ 
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k 
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^ J 



y 

X 

\y J 



/ ex \ 
fy + gx + hy 
ix 
kx + ly 



/ x'\ 

y' 

x' 

\y' J 



Putting y = 0, we have 



ex — x — 



ix, gx — y' — kx for any x & K. 



Hence e — i and g — k. 
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Letting x — 0, we have fy + hy — y' — ly for any y & K. Hence 
f + h^l. 

Since Tq preserves ifg' n i?i = {(x, x) e | x e 0, 
for any x e ir,there exists x' E K such that 

\ X J y c d J y X J y cx + dx J y x' J ' 

Hence ax + bx = cx + dx, for any a; G /C, so that a + b = c + d. 

Furthermore H^" = {{y, z,x,0,y, z) G \ x,y,z G K} is invari- 
ant under Tq. Therefore for any x,y,z G -ftT there exist x',y',z' G 
satisfying 



/a 


b 



















/ ay + bz \ 




(y'\ 

z' 
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d 




















cy + dz 
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ex 




x' 
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gy + hz 
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ey 
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\z ) 




\ 9y + iz ) 




\z' J 



Put X — z — 0. Then for any y & K, we have ay — y' — ey, cy — z' — 
gy and gy = 0. Hence we have a = e and c = g = 0. 

Letting x = y = 0, for any z E K we have bz = y' = 0, dz = z' = Iz 
and hz = 0. Therefore b = 0, d = I and /i = 0. Combining these with 
f + h — I and a + b — c + d, we have a = d and f — I — d. Thus Tq is 
a block diagonal such that 

To = 00000000000000 0. 

Since Tq is idempotent, o is also idempotent. 

Finally consider that H4 = ® ® ® K ® {{y, Sy) e K'^ \ y E K} 
is invariant under Tq. Then for any x,y E K, there exist x',y' G K 
such that 

To(0, 0, 0, X, y, Sy) = (0, 0, 0, ax, ay, aSy) = (0, 0, 0, x', y' , Sy'). 

Hence aSy = Sy' = Say, so that aS = Sa. Since 5 is a unilateral shift 
and o is idempotent, we have o = or o = /. This implies that Tq — 
or Tq — I. Since for any v E V and any x E Tqx — TyX, we have 
Ty = or = I simultaneously. Thus T = {Tv)yf=v = or T = J, 
that is, Idem{H, f) = {0,/}. Therefore {H,f) is indecomposable. □ 

Remark. In many cases of our construction of indecomposable, infinite- 
dimensional representations, we can replace a unilateral shift 5" by any 
strongly irreducible operator. 

We shall show that the existence of indecomposable, infinite-dimensional 
representations does not depend on the choice of the orientation of 
quivers. Suppose that two finite, connected quivers F and F' have 
the same underlying undirected graph and one of them, say F, has 
an infinite-dimensional, indecomposable, Hilbert representation. We 
need to prove that another quiver F' also has an infinite-dimensional, 
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indecomposable, Hilbert representation. Reflection functors are useful 
to show it. But we need to check the co-closedness at a source. We 
introduce a certain nice class of Hilbert representations such that co- 
closedness is easily checked and preserved under reflection functors at 
any source. 

Definition Let F be a quiver whose underlying undirected graph is 
Dynkin diagram A^. We count the arrows from the left as ak '■ s{ak) — > 
r(afc), (A; = 1, . . . , n — 1). Let {H, f) be a Hilbert representation of F. 
We denote /q,^ by fk for short. For example, 

fi h h fi h 
OHi < OH2 ^ °H3 < OHi ^ °H5 ^ °He 

We say that {H, f) is positive-unitary diagonal if there exist m e N 
and orthogonal decompositions (admitting zero components) of Hilbert 
spaces 

Hk = ®T=iHk,r (A;=l,...,n) 
and decompositions of operators 

fk — ®^lfk,i '■ ®^\Hs{au),i ~^ ®iLlHr{ak),i {k — 1, . . . ,n), 

such that each fk,i : Hs{ak),i ^ Hr(ak),i is written as fk,i = or 
fk,i = ^k.iUk,i for some positive scalar Afe,i and onto unitary Uk,i G 

It is easy to see that if {H, f) is positive-unitary diagonal, then 
/) is also positive-unitary diagonal. 

Example. (Inclusions of subspaces) Consider the following quiver F : 

Oil (X2 
°1 °2 O3 

Let be a Hilbert space and Hi C H2 C inclusions of subspaces. 
Deflne a Hilbert representation (i/, /) of F by = (-ffi)i=i,2,3 and 
canonical inclusion maps fi = fc^ '■ Hi — > i^j+i for i = 1,2. Then 
{H, /) is positive-unitary diagonal. In fact, deflne 

Ki = Hi, K2 = H2n H^, Ks = i/3 n H^. 

Consider orthogonal decompositions Hk = Q)i=iHk^i {k = 1,2,3) by 

Hi^ Ki®0®0,H2^ Ki®K2®0 and H^ = Ki®K2® K3. 

Then fi = J©0©0 and /a = J©/©0. Hence {H, f) is positive-unitary 
diagonal. It is trivial that the example can be extended to the case of 
inclusion of n subspaces. 

Lemma 6.4. Let T be a quiver whose underlying undirected graph is 
Dynkin diagram An and {H,f) be a Hilbert representation o/F. As- 
sume that {H, f) is positive-unitary diagonal. Then {H, f) is closed at 
any sink o/F and co-closed at any source o/F. 

27 



Proof. Let f be a sink of F. Then X^aeS" ^ finite sum of some 

of orthogonal subspaces {H^ i \i} of which correspond to the images 
of positive times unitaries in the direct component of fa- Hence it is a 
closed subspace of H^. Therefore (if, /) is closed at v. Similarly (if, /) 
co-closed at any source of F. □ 

Proposition 6.5. Let T he a quiver whose underlying undirected graph 
is Dynkin diagram An and {H, f) be a Hilbert representation ofV. Let 
V he a source of V . Assume that {H, f) is positive-unitary diagonal. 
Then ^~{H,f) is also positive-unitary diagonal. 

Proof If (HJ) ^ {H',f') © {H",f"), then $-(ii,/) = Ki^'J') © 
$^(ii",/"). Therefore ii^i. = ®^iHf,-. Hence it is enough to consider 
orthogonal components. We may and do examine locally the following 

cases: 

(Case 1): A Hilbert representation {H,f) is given by 

°Hi < OHo > °H2 

with Ti = XiUi and T2 = \2U2 for some positive scalars Ai, A2 and onto 
unitaries Ui,U2. Put {H- , f-) = ^{Hjy. 

T~ T~ 
^ Oh- ^ °H2 

Then (a, b) E Hi®H2 is in Hq = (Im ho)^ if and only if ((a, b) \ {Tiz, T2Z)) ~ 
for any z G iio, so that Tla + T^^b = 0. Hence 

H- = {{a, -XiX^'U2U*a) eH^®H2\aeH^} 

= {(-Ar'Ast/it/afe, b)eHi(BH2\be H2}. 

Solving 

{x, 0) = (a, -XiX2^U2Uia) + {XiUiz, X2U2Z) e iio" 8 Im/io, 
we have 

m- I ^2 A1A2 rr* \ r tt 

Similarly we have 

^■^y = ^~ A^^^i^2l/, xi + xf ^ ^^"^ ^ ^ 

Let Ar := + > and C/f (XT)-'T,-. Then C/f 

is an onto unitary and — X^Ui . Similarly T2 is a positive scalar 
times unitary. 

(Case 2):A Hilbert representation {H,f) is given by 

Ti Ta 
°Hi < > 

with Ti = and = 
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Then it is easy to see that Hq = Hi (B H2, and T2 are canonical 
inclusions: T{~x = {x, 0) G i^i © H2 for x E Hi and = (0, y) G 
i?i®i?2 for y e H2. We may write that Tf = /©O : i?i®0 ^ -H"i®i?2 
and 77 = 0®/ : 0®i?2 ^ -H"i®i?2 ■ Hence /~) is positive-unitary 
diagonal. 

(Case 3): A Hilbert representation {H,f) is given by 

Ti T2 
°Hi < > 

with Ti = XiUi and 72 = for some positive scalar Ai and onto unitary 
Ui. 

Then we see that Hq = ® H2, Tf = and T2y = (0, |/) G © H2 
for y e H2. Hence {H~, f~) is positive-unitary diagonal. 
(Case 4):A Hilbert representation (if, /) is given by 

°i?o — ^ 

with Ti = XiUi for some positive scalar Ai and onto unitary Ui. Put 
{H-,f-)^%{H,f): 

Then we see that Hq — and — 0. 

(Case 5):A Hilbert representation {H,f) is given by 

with Ti = 0. 

Then we have that H^ = Hi and Ti ^ I : Hi ^ Hi ^ H^ . □ 

We shall show that we can change the orientation of Dynkin diagram 
An using only the iteration of a~ at sources v except the right end. 

Lemma 6.6. Let Fq and F be quivers whose underlying undirected 
graphs are the same Dynkin diagram An for n > 2. We assume that 
Fq is the following: 

°1 O2 O3 • • • °n-l *• On 

Then there exists a sequence Vi, . . . ,Vni of vertices in Fq such that 

(1) for each k = 1, . . . ,m, Vk is a source in cr~^_^ . . . o"~cr~ (Fq), 

(2) a-^...a-a-{Fo) = F, 

(3) for each k = 1, . . . ,m, v/. n. 

Proof. The proof is by induction on the number n of vertices. Let 
n = 2. Since o'i{oi — > 02) = o;^ < — 02, the statement holds. Assume 
that the statement holds for n — 1. If F has an arrow o„_i — > o„, then 
we can directly apply the assumption of the induction. If F has an arrow 
°n-2 — ^ On-1 ^ — On, replace only this part by o„_2 < — On-i — ^ °n 
to get F'. Then n — 1 is a source of F', and cr~_]^(F') = F. Applying the 
induction assumption for F', we can construct the desired iteration. 
Consider the case that F has an arrow o„_2 < — o„_i < — o„. If 
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there exist a vertex u such that o^_i — > o„ and < — oj^_^_i for 
k = u, . . . ,n — 1, then define a new quiver T" by putting o^_i < — o„, 
On-i — > o„ and other arrows unchanged with F. By the induction 
assumption, there exists a sequence Vi, . . . ,Vm of vertices in Tq such 
that . . . c^c^i(ro) = T" and, for each k = 1, . . . ,m, Vk ^ n and 
t^fc 7^ ^ — 1- Then 

^« • • • ^n-2^n~l^^„ • • • ^^2^^Ji (^o) = r. 

If all the arrows between 1 and n are of the form < — o^_|_^ for 
fc = 1, . . . , n — 1, then cr~_]^ . . . cr^(Tf(ro) = T. □ 

Lemma 6.7. Let F = (V, i?, s, r) and F' = (y , E', s', r') be finite, con- 
nected quivers and F' contains T as a subgraph, that is, V C V , E C 
E' , s = s'\e and r = r'l^- If there exists an infinite- dimensional, in- 
decomposable, Hilbert representation ofT, then there exists an infinite- 
dimensional, indecomposable, Hilbert representation ofV. 

Proof. Let {H, f) be an infinite-dimensional, indecomposable, Hilbert 
representation of F. Define H'^ = for v & V and H'^ = Q for 
V ^V'\V. We put = /„ for a e E and = for a e \ E. 
Then it is clear that (if', /') is an infinite-dimensional, indecomposable, 
Hilbert representation of F'. □ 

We are ready to prove our main theorem. 

Theorem 6.8. Let V he a finite, connected quiver. If the underly- 
ing undirected graph |F| contains one of the extended Dynkin diagrams 
An [n > 0),Dn {n > A),Eq,Ej and Eg, then there exists an infinite- 
dimensional, indecomposable, Hilbert representation ofV. 

Proof. By Lemma 16.71 we may assume that the underlying undirected 
graph |F| is exactly one of the extended Dynkin diagrams An {n > 
0),D„ (n>4),E6,^7 andEg. 

The case of extended Dynkin diagrams An {n > 0) was already 
verified in Example 1 and 2 in section 3. 

Next suppose that |F| is Eq. Let Fq be the quiver of Example 4 in 
section 3 and we denote here by {H^^\ f^^^) the Hilbert representation 
constructed there. Then |Fo| = |F| = Eg, but their orientations are 
different in general. Three "wings" of |Fo| 2-1-0, 2'-l'-0, 2"-l"-0 
are of ^3. Applying Lemma [6.61 for these wings locally, we can find a 
sequence vi, . . . ,Vm of vertices in Fq such that 

(1) for each k = 1, . . . ,m, Vk is a. source in • • • o''^'^'^^ (Xo), 

(2) (J-^...(J-a-{To) =F, 

(3) for each k = 1, . . . ,m, 0. 

We note that co-closedness of Hilbert representations at a source can be 
checked locally around the source. Since the restriction of the represen- 
tation to each " wing" is positive-unitary diagonal and the 
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iteration of reflection functors does not move the vertex 0, we can apply 
Lemma EH and Proposition ES] locally that ■ ■ ■ (^~^^~^{H'^^\ /(°)) 
is co-closed at Vk for k = 1, . . . ,m. Therefore Theorem 15.131 implies 
that {H, f) := (^~^ . . . ^~^^~^{H^°\ /(°)) is the desired indecomposable, 

Hilbert representation of T. Since the particular Hilbert space H^^^ 
associated with the vertex is infinite dimensional and remains un- 
changed under the iteration of the reflection functors above, {H, /) is 
infinite dimensional. 

The case that the |r| is Ej or Eg is shown similarly if we apply 
iteration of reflection functors on the representations in Lemma 16.21 or 
Lemma 16.31 

Finally consider the case that the |r| is Dn- Let Fq be the quiver 
of Lemma l6.ll and {H^^\ f^^^) the Hilbert representation constructed 
there. Then |Fo| = |F| = Dn, but their orientations are different in 
general. Let Fi be a quiver such that |Fi| = Dn and the orientation is as 
same as F on the path between 5 and n+1 and as same as Fq on the rest 
four "wings". Define a Hilbert representation {H^^\ f^^^) of Fi similarly 
as {H^^\ f^'^^)- For any arrow /? in the path between 5 and n+1, fj^'' = 
I. Hence the same proof as for (H^'^\ f^^^) shows that (H^^\ f^^'^) is 
indecomposable. By a certain iteration of reflection functors at a source 
1,2,3 or 4 on {H^^\ f^^^) yields an infinite-dimensional, indecomposable, 
Hilbert representation of F. Here the co-closedness at a source 1,2,3 
or 4 on {H^^\ f^^^) is easily checked, because the map is the canonical 
inclusion. Thus we can apply Theorem 15.131 in this case too. 

□ 

Corollary 6.9. Let T be a finite, connected quiver. If there exists 
no infinite-dimensional, indecomposable, Hilbert representation of T, 
then the underlying undirected graph |F| is one of the Dynkin diagrams 
An > 1), Dn > 4), Eg, E-r and E^. 

Proof. It directly follows from a well known fact that if the underlying 
undirected graph |F| contains no extended Dynkin diagrams, then |F| 
is one of the Dynkin diagrams. □ 

Remark. We have not yet proved the converse. In fact if the converse 
were true, then a long standing problem on transitive lattices of sub- 
spaces of Hilbert spaces would be settled. Recall that Halmos initiated 
the study of transitive lattices and gave an example of transitive lat- 
tice consisting of seven subspaces in [Ha] . Harrison- Radjavi- Rosenthal 
[HRRj constructed a transitive lattice consisting of six subspaces us- 
ing the graph of an unbounded closed operator. Hadwin-Longstaff- 
Rosenthal found a transitive lattice of five non-closed linear subspaces 
in [HLR] . Any finite transitive lattice which consists of n subspaces of a 
Hilbert space H gives an indecomposable system of n — 2 subspaces by 
withdrawing and H . It is still unknown whether or not there exists 
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a transitive lattice consisting of five subspaces. Therefore it is also an 
interesting problem to know whether there exists an indecomposable 
system of three subspaces in an infinite-dimensional Hilbert space. The 
problem can be rephrased as whether there exists an indecomposable 
representation of a certain quiver whose underlying undirected graph 
is D4 in an infinite-dimensional Hilbert space. 

We have a partial evidence for a certain quiver whose underlying 
undirected graph is An. We prepare an elementary lemma. Let H be 
a Hilbert space. For a,b ^ H we denote by da^b a rank one operator on 
H such that 6afi{x) = {x\b)a for x E H. Then 9l^ = 6a,h if and only if 
(a|6) = 1 or a = or 6 = 0. Moreover if dim if > 2 and {a\h) = 1, then 
9a,b is an idempotent such that 6'a,b 7^ and 9a^b 7^ I- 

Lemma 6.10. Let Hi and H2 he Hilbert spaces and T : Hi ^ H2 a 
bounded operator. Take a,b E Hi and c,d G H2. Suppose that there 
exists a scalar A such that Ta = Ac and T*d = Xb. Then T6a,b = dc,dT 

Proof. 

T6a,b = 0Ta,b = ^Ac,fe = ^c,A6 ~ ^c,T*d = 0c,dT. 

□ 

Proposition 6.11. Let T be the following quiver whose underlying 
undirected graph is An for n > 1: 

Ol ^ O2 ^ O3 ■ • • On-1 ^ On 

Then there exists no infinite-dimensional, indecomposable, Hilbert rep- 
resentation ofV. 

Proof. The case n = 1 is clear by a nontrivial decomposition Hi = 
Li (B Ki. We may assume that n > 2. Suppose that there were an 
infinite-dimensional, indecomposable, Hilbert representation {H, f) of 
r. Put Tfc = fa^ : Hk Hk+i for = 1, . . . , n - 1. 
(case 1) Suppose that T„_iT„_2 . . . Ti 7^ 0. Then there exists ai G Hi 
such that Tn-iTn-2 . . . TiOi 7^ . Consider non-zero vectors a^, = 
Tfc_iTfc_2 . . . Tifli G Hk for k = l,...,n. Put 6„ = ||a„||~2a„ G 
Define bi = T*T*^i . . . T*_ibn E Hi for i = 1,2, ... ,n — 1. Then 

{ai\bi) = {ai\T*T*^i . . .T*_ibn) = (T„_iT„_2 . . .Tiai\bn) = (a„|6„) = 1. 

Since Tkttk = ak+i and T^bk+i = bk, the above Lemma 16.101 implies 
that TkOa^^bk = Oa^^^fik+J'k for /c = 1, . . . ,n - 1. Define the non-zero 
idempotents Pk = Oa^fik- Since {H, f) is infinite dimensional, there 
exists some vertex m such that Hm is infinite dimensional. Then P^ 7^ 
/. Define P = {Pk)k, then P G Idem{H, f) and P ^ O and P ^ L 
This contradicts the assumption that {H, f) is indecomposable, 
(case 2) Suppose that there exists r such that Tr_iTr_2 . . . Ti 7^ and 
TrTr-i . . . Ti =0 for some r = 1, . . . , n — 1 and dim Hm > 2 for some 
m = 1, . . . ,r. Then there exists Oi G Hi such that Tr-iTr-2 . . . TiOi 7^ 
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. Consider non-zero vectors Ofc = Tfe_iTfe_2 . . . TiOi G for k = 
l,...,r. Put br = \\ar\\-^ar e Hr. Define bi = T*T*^^ . . .T;_^br G 
ifj for ^ = 1,2, . . . ,r - 1. Then we have Tk9a^,hk = Oa^^^^h^^^Tu for 

A; = 1 r 1. Define non-zero idempotents Pk = (^akfiu 

for /c = 1, . . . , r. Put Pk = for /c = r + 1, . . . , n. Then Tr9a,.fi^ = 
OTrarA = Go.hr = Bud TfePfe = Pfe+iTfc = for A) = T, . . . , TT, - 1 . Since 
dimHm > 2, the non-zero idempotent Pm 7^ /. Define P — {Pk)k, then 
P e Idem{H, /) and P and P ^ I. This is a contradiction, 
(case 3) Suppose that there exists r such that Tr_iTr_2 . . . Ti 7^ and 
TrTr_i . . . Ti = for some r = 1, . . . , n and dim H^. = 1 for k = 1, . . . ,r. 
Therefore = 0. We may put P^ = for k = 1, . . . ,r. Then for 
any a,b e H^+i and P^+i = 9a,b, we have TfePfc = Pfc+iT*. = for 
k = l,...,r. Hence we may choose freely P^ ior k = r + l,...,n. 
Starting form Hr+i, we can repeat the argument from the beginning. 
After finite steps, we can reduce to the situation of case 1 or case 2. 
And finally we obtain a contradiction. 

□ 
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